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The finite field case* Let (F p k, X, +) be a Galois (finite) field with exactly p k elements (p prime). Then, as is well known, F p k contains a multiplicative generator, ξ;
We now have the following (compare with [1] Proof. Since a**" 1 = 1, ae F p h, a φ 0, therefore, by (1.1), aO = ξx + {[ (1 -(^) ? Following [1] , we call aO the normal negation of &, and call the cyclic group D whose generator is x^ the normal group. By Theorem 1, it is now clear that
As in [1] , we define
It is readily verified that (1.6) a x^0 = a = 0 x^α . 
In (1.10), α, /3, range over all the elements of F p * while x,y, are indeterminates over J^,*. We shall use (1.9) and (1.10) presently. Proof. Since x**-
is equationally definable in terms of the D-logic. Therefore, by (1.9), δ μ (as) is also equationally definable in terms of the D-logic, and the lemma is proved.
We are now in a position to prove the following. THEOREM 
The Galois field (F p k, x, +) is a ring-logic (modi)).
Proof. By (1.10), we have, k, x, +'), with the same class of elements F p k and the same "x" as (F p k 9 x, +) and which has the same logic as {F p k, x, +). To prove that +' = +. Since both (F p k, x, +) and (F p k, x, + ') have the same class of elements and the same "x", it readily follows that (F p k 9 x +') is also a Galois field with exactly p k elements. Since, up to isomorphism, there is only one Galois field with exactly p k elements, therfore, + ' = +, and the theorem is proved.
2»
The General Case, In order to extend Theorem 5 to any finite commutative ring with zero radical, the following concept of independence, introduced by Foster [2] , is needed.
, A n ) be a finite set of algebras of the same species S p . We say that the algebras A l9 A 29 * ,A n are independent if, corresponding to each set {φj of expressions of species
, n) there exists at least one expression ψ such that ψ = ψi (mod Ai) (i = 1, , n). By an expression we mean some composition of one or more indeterminate-symbols ξ, in terms of the primitive operations of A u A 2 , , A n ; ψ = φ (mod A) means that this is an identity of the algebra A.
We 
K(φ l9
, φ t ) = fa 1^1)) X _(φ 2 1,(1)) X _ X ^fa |,(f)) .
Then it is easily seen that K(φ lf , φ t ) = φ t (mod F { ) (i = 1, , t), since a x ^ 0 = 0 x ^ α = α, and the theorem is proved.
We shall now extend the concept of ring-logic to the direct sum of certain ring-logics. We denote the direct sum of A x and A 2 by A 1 0 A 2 . The direct power A m will denote A 0 A 0 0 A (m summands). THEOREM 
Let A be any subdirect sum with identity of (not necessarily finite) subdirect powers of the Galois fields F φ^i (i = 1, , t). Then A is a ring-logic (mod D).
Proof. Let q 19 , q r be the distinct primes in {p u , p t }. Since the Galois Fields F p *i and F p k } are both subfields of F p Wj, it is easily seen that A is a subring of a direct sum of direct powers of Therefore, for every x i9 y { e F q k t (i = 1, , r), Hence, the I?-logical expression iΓ represents the "+" of each Fφ.
Since the operations are component-wise in the direct sum Fq}i Θ ' * * ΘJFffJr, therefore, for all x 9 y in this direct sum, we have,
Hence, α fortiori, the "+ w of the subring A is equationally definable in terms of the Z)-logic.
Next, we show that A is jftίcecϊ by its D-logic. Suppose there exists a "+'" such that (A, x, +') is a ring, with the same class of elements A and the same "x" as the ring (A, x, +), and which has the same logic (A, x, Λ , w ) as the ring (A, x, +). To prove that +' = +. Now, since A is a subdirect sum of subdirect powers of F p % therefore, a new "+'" in A defines and is defined by a new "+Γ in F 9 *i, "+Γ in F P ** f ••-,"+,'" in F p * t , such that (F p h, x, +ί) is a ring (i = 1, •••, t). Furthermore, the assumption that {A, x, +') has the same logic as {A, x, +) is equivalent to the assumption that each (F p *i, x,'+ί) has the same logic as (F p h, x, +) (i = 1, •••, t) . Since, by Theorem 5, (F P ρ 9 x, +) is a ring-logic, and hence with its "+" fixed, it follows that + ί = + (i = 1, •••, t). Hence +'=+, and the theorem is proved. Now, it is well known (see [4] ) that any finite commutative ring with zero radical and with more than one element is isomorphic to the complete direct sum of a finite number of finite fields. Hence, Theorem 7 has the following COROLLARY 8.
Any finite commutative ring with zero radical is a ring-logic (modD).
It is also well known (see [1; 5] ) that every p-ring (p prime) is isomorphic to a subdirect power of F Pf and every paring (p prime) is isomorphic to a subdirect power of F p k. Hence, by letting ί = 1 in Theorem 7, we obtain the following (compare with [1; 7] ) COROLLARY 9. Any p-ring with identity, as well as any p k -ring with identity f is a ring-logic (modD). Now, let n be a fixed integer, n ^ 2. It is well known that a ring R which satisfies x n = x for all ώ in R is isomorphic to a subdirect sum of (not necessarily finite) subdirect powers of a finite set of Galois fields. Hence Theorem 7 has the following COROLLARY 10. Let R be a ring with unit such that x n = x for all x in R, where n is a fixed integer, n^2.
Then R is a ringlogic (moάD).
3* The natural group and the normal group* Let (R 9 X, +) be a commutative ring with unit 1. We recall (see [1] ) that the natural group N is the group generated by x A = x + 1 (with inverse x v = x -1). In [7] , it was shown that (F p k, x, +) is a ring-logic (mod JV), and hence the "+" of F p u is equationally definable in terms of the JV-logic (F p k, x, Λ ). Moreover, by Theorem 5, (F p k, x, +) is a ringlogic (modD), and hence the " + " of F p k is equationally definable in terms of the D-logic (F p k f x, ^). Of the two rival logics, (F p *, x, ^) requires only a knowledge of the multiplication table in F p u since, by Corollary 2, the effect of ^ on F p k is the cyclic permutation (0,1, ξ, ξ 2 , , ξ pk ' 2 ). In this sense, the D-logical formula for the " + " of F p k is a strictly multiplicative formula, and addition i$ thue equationally definable in terms of multiplication whenever the generator ξ is chosen (compare with [1] ). The situation is quite different in the case of the iV-logieal formula for the " + " of F p k, since the generator x A = x + 1 of the natural group N already involves a limited use of the addition table.
